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Operationally Invariant Measure of the Distance between Quantum States by Complementary Measurements
We propose an operational measure of distance of two quantum states, which conversely tells us their closeness. This is defined as a sum of differences in partial knowledge over a complete set of mutually complementary measurements for the two states. It is shown that the measure is operationally invariant and it is equivalent to the Hilbert-Schmidt distance. The operational measure of distance provides a remarkable interpretation of the information distance between quantum states. Inimduciion-Mathematical formulations of all the fundamental physical theories are based on the concept of an abstract space. The structure of the space and the theories is defined by its metric. For example, the Minkowski metric defines the mathematical structure of the special theory of relativity and the Rieman metric defines the structure of the general theory of relativity. In quantum mechanics, the Hilbert-Schmidt distance may be the natural metric of the Hilbert space. What are the fundamental laws which dictate the metrics in physical theories? This question is investigated in this paper for the case of quantum theory and the Hilbert--Schmidt distance.
When two quantum states are given, what do we do to measure how close they are? This is an important issue in various investigations of quantum mechanics. For example, we need to measure how close the teleported state is to the original state in order to check the credibility of the quantum teleportation protocol. Other examples appear in quantum cloning, quantum state reconstruction, and practical quantum gate operation [I]. We need a measure of closeness, depending on the kind of information process involved. In particular, two measures have been applied to the wide realm of quantum information processing : fidelity [2] and Hilber t-Schmidt distance [3]. These measures are equivalent to each other if the systems are in pure states.
The fidelity, F = l{fi1#)l2, is the transition probability between two pure states, I$) and 14). When the fidelity is extended to incorporate rnixed states [2], its interpretation kcomes vague in an operational perspective. Instead, the fidelity may be indirectly interpreted in terms of statistical distance or "statistical distinguishability" in the measurement that optimally resolves neighboring density operators [4]. On the other hand, the Hilkrt-Schmidt distance is a metric defined on the space of operators. It is unclear how to impose an operational interpretation on the Hilbert-Schmidt distance.
Another possible measure of closeness is quantum relative entropy which has also k n proposed as a candidate for a measure of entanglement [5, 6] .
A quantum stak is a representation of our knowledge on individual outcomes in future experiments [7] . We can, then intuitively, say that the difference between this knowledge for two quantum states measures how much the two states are "close to each other" with respect to the future predictions. Bohr [SI remarked that ". . . phenomena under different experimental conditions, must be termed complementary in the sense that each is well defined and that together they exhaust all definable knowledge about the object concerned." This suggests that the closeness of two quantum states should be defined with regard to a complete set of mutually complementary measurements. We require that such a measure of closeness between two states is invariant under the specific choice of a complete set of mutually complementary measurement s.
In this Letter, we introduce a measure of distance between two quantum states, which conversely tells us the closeness. The measure of distance is operationally defined as a sum of the differences in partial knowledge over a complete set of mutually complementary "unbiased" measurements. The measure has several remarkable properties. (i) The measure is operationally invariant: It is uniquely defined, being independent of the specific choice of a complete set of cornplementary measurements. (ii) The measure is equivalent to the Hilkrt-Schmidt distance. (iii) The operational measure of distance can be interpreted as an informtion dktunce between two quantum states. In addition, the fact that the operational measure is equivalent to the Hilbert-Schrnidt distance suggests that the intrinsic structure of Hilbert space reflects information-theoretical foundations of quantum theory.
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